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Quadrupole interactions: NMR, NQR, and in
between from a single viewpoint
Alex D. Bain*
Nuclear spins with quantum numbers >1/2 can interact with a static magnetic field, or a local electric field gradient, to produce
quantized energy levels. If the magnetic field interaction dominates, we are doing nuclear magnetic resonance (NMR). If the inter-
action of the nuclear electric quadrupolewith electric field gradients ismuch stronger, this is nuclear quadrupole resonance (NQR).
The two are extremes of a continuum, as the ratio of one interaction to the other changes. In this work, we look at this continuum
from a single, unified viewpoint based on a Liouville-space approach: the direct method. This method does not require explicit
operators and their commutators, unlike Hamiltonianmethods. We derive both the quadrupole-perturbed NMR solution and also
the Zeeman-perturbed NQR results. Furthermore, we examine the polarization of these signals, because this is different between
pure NMR and pure NQR spectroscopy. Spin 3/2 is the focus here, but the approach is perfectly general and can be applied to any
spin. Copyright © 2016 John Wiley & Sons, Ltd.
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Introduction

The quadrupolar interaction is the only common spin phenomenon
that can rival the strength of the Zeeman interaction of the spin
with an external magnetic field. If the Zeeman interaction domi-
nates, we are doing nuclear magnetic resonance (NMR) and can
usually treat the quadrupole interaction with perturbation
theory.[1–5] In zero field, the nuclear quadrupole moment interacts
with the local electric field gradient to give quantized spin energy
levels. If we observe transitions between these levels, this is nuclear
quadrupole resonance (NQR) spectroscopy.[6,7] This spectroscopy
becomes much richer if a small external magnetic field is applied,
and these effects can also be treated by perturbation theory.[6]

NMR and NQR have tended to develop separately, but our aim in
this paper is to try to treat them both with a common approach.

One important reason for this study is that systems with larger
and larger quadrupolar interactions are being studied, which test
the limits of perturbation theory.[8,9] If we can tie down the ends
of the NMR–NQR continuum with the same formalism, then this
helps us in the more complicated intermediate region. The
ordering of the spin states is quite different in zero and high field
(Fig. 1), so the intermediate region is bound to be interesting.[10–12]

One aspect is deciding roughly where the spectroscopy changes
from ‘NQR-like’ to ‘NMR-like’. Numerical solutions may well be nec-
essary and are readily available, but analytical formulae can be help-
ful in interpreting them.

There is also some interesting spectroscopy here, because NMR
signals are circularly polarized, but pure NQR signals are linear-
ly polarized. If a cross-coil probe is used to observe NQR, for
certain relative orientations of the two coils, no signal will be
observed.[6,7,13,14] This raises the question of what happens
between those extremes. If we use a single-coil probe, these effects
may not be observed, but polarization could be a useful observable.

Polarization is a central concept in electromagnetic radiation and
plays an important role in several forms of spectroscopy. The elec-
tric and magnetic fields associated with the radiation are
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perpendicular to the direction of propagation, and the trajectories
of these fields can be thought of in two equivalent ways. One is lin-
ear polarization, in which the fields oscillate but remain in one
plane, and the other is circular polarization, in which the fields fol-
low a helical path. The two are equivalent, because we can form a
helix from the x and y components, or we can create linear polariza-
tion by combining two counter-rotating helices. Details of how
polarization affects NQR were studied long ago[15] and have been
applied to the spin-1 case[16,17] and numerical simulations (using
the Hamiltonian approach) of quantum computing.[18] Because
we use radiofrequency (RF) radiation to manipulate and observe
spin resonance, it is important to consider the role of polarization.

The polarization of the signals we discuss is a relative measure-
ment, comparing the phase of the input excitation RF to that of
the signals that are emitted. This is best observed when the trans-
mitter and the detection coils in the probe are separate. In almost
all modern spectrometers, a single coil is used for both roles, so
we are much less aware of polarization, and it has little effect on
our experiment. In a pulse sequence, the relative phases of the var-
ious pulses play a vital role, but these phases are all within the exci-
tation side of the spectrometer. We only detect the signal at the
end of the pulse sequence. It is the polarization of the output signal
relative to the excitation that concerns us here.

In this paper we concentrate of the spin-3/2 systemwith Zeeman
and quadrupole interaction. Because this Liouvillian is a 15×15
matrix, this is an easy system to deal with, but the approach is
completely general and can be applied to any spin. Although some
of the results here are already in the literature, we propose an
approach that produces new insights.
Copyright © 2016 John Wiley & Sons, Ltd.



Figure 1. Energy levels of a spin-3/2 with a quadrupole coupling in zero
magnetic field (left) and high magnetic field (right). The quantum numbers
give the z component of the nuclear spin.

Table 1. Examples of the notation used in this paper and its compari-
son to more standard notations for some of the spin-3/2 spherical
tensors
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Full expressions for all the spin-3/2 operators have been published
elsewhere.[21] The first column shows the notation used in this paper,
and the second and third columns show the normalized and un-
normalized spherical tensors from Bowden et al.[26] The final two
columns on the right show the operator forms of the spherical
tensors. Note that the forms of the operators are the same for all
spins, but the normalization constant will change with the total spin
quantum number.

A. D. Bain
Theoretical Background

The direct method[19–21] is the way that we will analyze the pertur-
bations in both NMR and NQR. This is well-established in magnetic
resonance and has been recently included in a wider context.[22] In
this technique, we deal directly with the transitions (coherences)
without having to use Hamiltonians first to calculate the wave func-
tions. The important operator here is now the Liouvillian,[23] which
can be derived from the Hamiltonian, but it can also be calculated
directly. Diagonalization of the Hamiltonian matrix gives us the
wavefunctions and their energies, from which we can construct
the observable transitions. Diagonalization of the Liouvillian gives
us the transitions and their frequencies directly, without the inter-
mediate step of the wavefunctions.
Modern NMR is usually concerned with the time evolution of the

spin system. This is governed by the Liouville-von Neumann equa-
tion. In Hilbert space (the Hamiltonian approach), the equation of
motion of the density matrix is given by Eqn (1)

d

dt
bρ ¼ �i bH;bρh i

; (1)

where bρ is the density matrix and Ĥ is the Hamiltonian operator.
Note that we have put hats on the symbols to indicate that they
represent operators in Hilbert space. The core of this calculation
is the evaluation of the operator commutators, which requires a
detailed knowledge of the operators.
In the direct, Liouville-space methods, the time evolution is writ-

ten as in Eqn (2)

d

dt
ρ ¼ �i Lρ ; (2)

where L is the Liouvillian. This is a superoperator in Hilbert space,[20]

but a standard operator (or matrix) in Liouville space. The density
matrix, ρ, has no hat here, because it is a vector in Liouville space.
Because both approaches must give the same answer, this change
from Hilbert space to Liouville space is partly a change of notation.
However, the Liouville space method offers some significant
advantages.
No commutators or details of the operators are needed[21] in this

approach, provided we use a spherical tensor basis. This prompts a
deviation from the standard notation for spherical tensor
wileyonlinelibrary.com/journal/mrc Copyright © 20
operators[24–29] and the density matrix. The usual notation for a
spherical tensor is of the form Tnq , where n and q are the rank and

order of the spherical tensors.[25] Because these two quantum num-
bers are all we need, we can dispense with the T and write the
spherical tensor operator as a Liouville-space ket (with round
brackets), in direct imitation of the way that spin wave functions
are written as kets (with angle brackets) containing just the quan-
tum numbers. Refer to Table 1 for some examples.

Single transition operators[30] offer an alternative approach, and
they work well for treating single transitions. However, for the full
system, this approach produces an overcomplete basis – if you
use all the transitions, there are more operators than the linearly
independent set, so constraints must be imposed. Because we are
dealing with the whole system here, we feel that spherical tensors
are the best way.

Another simplification is the identification of observable quanti-
ties. With operators, this is performed by taking the trace of the
product of density matrix and the operator representing the
observable – usually Ix or I+. In Liouville space, the inner, or dot,
product between two vectors is defined as the trace of the product
of the corresponding operators. We usually make I+ one of the ele-
ments of the basis set (Table 1) – it is many ways the simplest.
Therefore, the observable value, hI+i, is just the element of the den-
sity matrix that matches I+ in the basis set. Simple!

The explicit formula for any commutator is provided by angular
momentum theory, in particular, formulae for the products of ten-
sor operators.[31,32] With only the quantum numbers of the spheri-
cal tensor basis, we can calculate all the matrix elements of the
spin Liouvillian from a set of formulae.[21,33] This is reminiscent of
the calculation of Hamiltonian matrix elements. To set up the
Hamiltonian, we know nothing of the spin wavefunctions beyond
their quantum numbers, which we then substitute into established
formulae. Although we have all the details of the basis operators,
they are not needed. All that is required is the quantum numbers
to be used in the formulae.

Tables 2–4 give the full Liouvillian for a spin 3/2 with a quadru-
pole interaction and magnetic fields. Figure 1 shows the energy
levels for the NMR and NQR extreme cases. There are no
16 John Wiley & Sons, Ltd. Magn. Reson. Chem. (2016)



Table 3. The next three columns of the Liouvillian matrix for a spin 3/2
experiencing the Zeeman, quadrupole, and RF interaction

Cōlūmns 7–9

NMR, NQR, and in between
approximations used in setting this up, so this Liouvillian covers
NMR, NQR, and all the intermediate cases. We apply approxima-
tions to get the analytical perturbation solutions, but the Liouvillian
itself is perfectly general.
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These have a resonance frequency of zero in a magnetic field and
correspond to the z magnetizations in the absence of quadrupole
coupling.
Nuclear Magnetic Resonance

The helicity of signals in NMR is already familiar. In looking at the
effect of RF radiation, we usually use a rotating frame of reference
– we choose one sense and ignore the counter-rotating compo-
nent. The photon carries a spin of 1, so absorption or emission will
change the spin quantum number by ±1. For instance, circularly
polarized light is the source of sensitivity enhancement in noble
gas-based hyperpolarization. In a coherence pathway diagram,
the coherence level of a signal has a sign associated with it, which
is a fundamental concept. The positive and negative signs can be
considered as representing the two senses of helicity.

In NMR, the net magnetization precesses in a single direction,
because it starts along z and is flipped into the xy plane. The direc-
tion will depend on the sign of the magnetogyric ratio. However,
there is no inherent helicity in the signal we detect, because there
is a single receiver coil and only one wire which comes out of the
probe. Two orthogonal coils have been used in imaging
contexts,[34] but this turns out to offer few real advantages in
NMR. In the receiver we introduce polarizationwhen we do quadra-
ture detection[35] by mixing the signal with two RF signals that are
π/2 out of phase. The sign of the helicity is determined by the sign
of the phase difference.
Table 2. The first six columns of the 15 × 15 Liouvillian matrix for a spin 3/2 experiencing the Zeeman, quadrupole, and RF interaction
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These correspond to transitions with a positive NMR frequency. The elements down themain diagonal are the Zeeman terms, proportional to γB0, where
γ is the magnetogyric ratio and B0 is the static magnetic field. The terms in B1 represent the interaction with the RF magnetic field. The quadrupole
terms have a spin part, given in the table, multiplied by a spatial term denoted by Vn where n runs from �2 to +2. The Vn terms are defined at the
end of Table 4. The basis elements for this matrix are spherical tensor operators, denoted as |Mn), and the basis elements corresponding to the
columns are given at the top. This notation deviates from the standard T-based notation for spherical tensors,[24,26] because it retains only the
quantum numbers corresponding to the rank and order. We do this deliberately because the operator character, although known, is not needed
here: the quantum numbers suffice. The details of the notation and its relation to standard operators has been published.[21]

Magn. Reson. Chem. (2016) Copyright © 2016 John Wiley & Sons, Ltd. wileyonlinelibrary.com/journal/mrc



Table 4. The last six columns of the Liouvillian matrix for a spin 3/2 experiencing the Zeeman, quadrupole, and RF interaction

Cōlūmns 10–15
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These are the negative-frequency counterparts of the element in Table 1. The quadrupole interaction is defined in the usual way,[1,3–5] via a coupling
constant, e2qQ and an asymmetry parameter, η. The orientation of the principal axes of the quadrupole tensor is given by the two angles θ and ϕ.

A. D. Bain
In the product operator method for calculating the effect of a
pulse sequence,[36–38] we use both Cartesian and spherical opera-
tors. The Cartesian operators Ix and Iy sometimes give a clearer
physical picture, but they can also be combined into the raising
and lowering operators, which are a form of spherical tensor oper-
ators (Table 1). The choice of what to use is arbitrary and up to the
user, because they all must give the same answer. Product opera-
tors are mostly used for systems of weakly coupled spins-1/2, but
for higher spins, the situation becomes more complicated. This is
because there are now more operators and their commutation re-
lationships are more complex. Because spins with strong quadru-
pole coupling are the only cases where polarization can be
observed, we need to look at them with more general methods.
We first look at the NMR of a spin 3/2 with a quadrupole
perturbation.

Spin 3/2

The full Liouvillian for a single spin-3/2 with the Zeeman, quadru-
pole, and RF (B1) interaction has been published[21] and is given in
Tables 2–4. If we are considering the B1 term as RF, then it contains
the cos(ω t) time dependence. When we consider Zeeman-
perturbed NQR later on, we can use the form of this term to repre-
sent the small magnetic field perturbation. This Liouvillian is a com-
plete description which enables us to calculate the exact behavior
of a spin with any sizes of the interactions. We will not need all
wileyonlinelibrary.com/journal/mrc Copyright © 20
these capabilities, but it is useful to use them to study a spin-3/2
perturbed to second order by the quadrupole interaction (Fig. 2).
Normally, this system is analyzed by looking at the perturbations
of the energy levels,[2,39] then calculating the transition energy.
However, applying perturbation theory to the transitions directly[40]

has a number of advantages.
The details of how to do this have been published,[40] so we give

a quick sketch here. Figure 2 gives a schematic picture of the en-
ergy levels of the spin states for a weak quadrupole interaction.
The transitions and their frequencies can be derived from this,
but are more directly given by the eigenvectors and eigenvalues
of the Liouvillian. Figure 3 shows all the transitions for spin 3/2. Note
that in Fig. 2 the vertical scale is the energy of the levels, whereas in
Fig. 3 it is the transition frequency, the difference between energy
levels. The transitions are the positive and negative components
of one triple-quantum transition, two double-quantum transitions,
and three single-quantum transitions. The three non-redundant z
magnetizations (zero coherence level) round out the 15 densityma-
trix elements. RF terms are included in the Liouvillian, for generality
but they do not concern us yet, so we set them to zero.

In the absence of the quadrupole interaction, the Liouvillian, as it
is written in Tables 2–4, has only the Zeeman interaction and is al-
ready diagonal. When we discuss NQR, we will transform this
Liouvillian, via a unitary transformation, to a basis in which the
quadrupole interaction is diagonal. To the Zeeman-based
Liouvillian we add the quadrupole interaction and treat it as a
16 John Wiley & Sons, Ltd. Magn. Reson. Chem. (2016)



Figure 2. Energy levels of a spin-3/2 in a high magnetic field, with
(right) and without (left) a small perturbing quadrupolar interaction.
Without the quadrupole, the levels are equally spaced and with the
quadrupole, the spacing of the �1/2 and +1/2 levels (the central
transition) remains the same to first order. The spacing between the +3/2
and +1/2 levels is increased, and the other spacing is decreased to give
satellite transitions equally to one side and the other of the central transition.

Figure 3. Schematic diagrams of all possible transition for a spin-3/2 under
a quadrupole-perturbed Zeeman interaction. There is a triple-quantum
transition, two double-quantum transitions, three single-quantum
transitions, and three zero-quantum transitions (level populations). There
are also the negative coherence level counterparts of the triple-, double-
and single-quantum transitions. The dashed box indicates the observable
single-quantum transitions. Note that the y axis denotes transition
frequency (difference between energies of levels) rather than the level
energies shown in Figs 1 and 3. The coherence levels of the transition are
shown on the right, and within a coherence level the frequencies are not
the same, so the transition frequency changes from left to right. The
second-order quadrupole perturbation mixes the transitions and the
arrows indicate the mixing of the central transition.[50] It is mixed
specifically with the two positive double-quantum transitions and the two
satellites in coherence level �1.

Figure 4. Energy levels of a spin-3/2 in zero magnetic field (left) and in a
small perturbing magnetic field (right). The magnetic field moves the ±3/2
levels without mixing them to first order. The ±1/2 levels are both moved
and mixed.

NMR, NQR, and in between
perturbation.[40] There are two steps to this process. First, the tran-
sitions within a coherence level are degenerate under just the
Zeeman interaction, so the quadrupole interaction lifts that
degeneracy.[33,40] Each coherence level forms a block along the di-
agonal, so each of these blocks is separately diagonalized. This pro-
cess gives the transitions familiar from the first-order perturbation
Magn. Reson. Chem. (2016) Copyright © 2016 John Wiley
treatment of quadrupolar systems.[2,39] Then the Liouvillian terms
between the coherence level blocks are applied, using standard
second-order perturbation theory, to give the expressions for the
second-order perturbed line positions. A further result is that this
shows how the transitions themselves are mixed by the perturba-
tion. This mixing is quite specific (Fig. 3) and is governed by a num-
ber of selection rules.[40,41] It is this mixing of the transitions that
gives us a hint of the polarization changes. In particular, the transi-
tions with a coherence level of +1 are mixed to a small extent with
their counter-rotating partners (coherence level �1), as shown by
the arrows in Fig. 3. This mixing of opposite helicities means that
the polarization is no longer exactly circular.
Nuclear Quadrupole Resonance

The details of the transitions in NQR have long been known.[6,7,42] In
the absence of a magnetic field, the spin energy depends on the
square of themagnetic quantumnumber, so +1/2 and�1/2 are de-
generate, as are ±3/2 (Figs 1 and 4). The NQR spectrum of a spin-3/2
shows just a single line at a frequency of the quadrupole coupling,
Cq/2, where Cq is given by Eqn (3)

Cq ¼ e2qQ

ℏ
: (3)

A small Zeeman interaction splits the lines and (more impor-
tantly) mixes the wavefunctions with z quantum numbers of ±1/2,
as shown in Fig. 4. The energies of the transitions are[6]

Cq

2
±
3±f

2
γB1 cos θð Þ ; (4)

where γ is the magnetogytic ratio, B1 (we use B1 rather than the
standard B0, to be consistent with Tables 2–4) is the perturbing
static magnetic field at an angle θ to the principal axis of the quad-
rupole tensor and

f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4tan2 θð Þ

q
: (5)
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The four lines form a quartet (Fig. 5), with the following intensities

outer ¼ f � 1

2f

inner ¼ f þ 1

2f
:

(6)

These results were obtained by dealingwith the Hamiltonian, but
we can duplicate them using the direct method, to draw analogies
to the NMR case.
To begin with, we remove the magnetic field terms from the

Liouvillian to get the pure NQR solution. Unlike the NMR case, this
Liouvillian in Tables 2–4 is not already diagonal, but calculating its
symbolic eigenvalues and eigenvectors is a simple task for a com-
puter symbolic algebra package such as Maple (www.maplesoft.
com) or Mathematica (www.wolfram.com). There are four pairs of

degenerate transitions at ±Cq

2 and seven transitions with zero fre-
quency. Three of the latter represent the z magnetizations, and
the other four represent the zero-frequency transitions between
degenerate levels. The matrix of eigenvectors, UQ, forms the linear
transformation, which diagonalizes the quadrupole Liouvillian.
The eigenvectors for the non-zero frequency NQR transitions are

given in Eqn (7) and illustrate a number of points. These eigenvec-

tors all have the same eigenvalue, Cq

2 , and represent transitions be-

tween the energy levels ±12 and ±32. In this equation,

1ffiffiffi
2

p 3�2Þ þ 1ffiffiffi
2

p
����

����2�2Þ

1ffiffiffi
2

p 3þ2Þ � 1ffiffiffi
2

p
����

����2þ2Þ

1ffiffiffi
5

p 3�1Þ þ 1ffiffiffi
2

p
����

����2�1Þ þ
ffiffiffiffiffi
3

10

r
j1�1Þ

1ffiffiffi
5

p 3þ1Þ � 1ffiffiffi
2

p
����

����2þ1Þ þ
ffiffiffiffiffi
3

10

r
j1þ1Þ

(7)

, there are, apparently, upward and downward versions of the tran-
sitions, as can be seen from the signs of the subscripts in the basis
elements, but because the quadrupole interaction depends on the
square of the quantum number, the two versions are degenerate.
The normal selection rules say that two are allowed and two are for-
bidden, and this can be seen directly in the eigenvectors. We only
Figure 5. Nuclear quadrupole resonance (NQR) spectrum of a single crystal
of KClO3 in the stray field of an unshielded 4.7 T widebore magnet. The
resonance is at approximately 18MHz. We thank the late Hiltrud Grondey
for help in obtaining this spectrum.

wileyonlinelibrary.com/journal/mrc Copyright © 20
detect single-quantum coherence, which is represented by the ba-
sis elements |1± 1),

[23] and the transition probability for given line is
the square of the overlap with the detector.[43] Only the last two ei-
genvectors in Eqn (7) satisfy this, so they are the allowed transitions.

Wemust also define the Zeeman Liouvillian, without the quadru-
pole interaction, because this will serve as the perturbation. Previ-
ously, we glossed over an important point: the definition of the z
axis. In NQR, this is conventionally defined by the principal axis
frame of the molecule-fixed quadrupole tensor. When we apply a
static magnetic field, this may or may not lie along the z axis,
depending on the orientation of the molecule. The static field will
have x, y, and z components. For simplicity, let us assume that the
quadrupole tensor is cylindrical, so that the magnet field orienta-
tion is defined by a single angle, θ.

This definition can be accommodated in the Liouvillian in
Tables 2–4. The diagonal Zeeman terms become proportional to
γB1 cos(θ). Because the RF terms in the NMR discussion, B1, are in
the xy plane, we can replace them by the appropriate spherical ten-

sor terms, γB1 sin θð Þffiffi
2

p , derived from the static magnetic field. Once we

have defined the magnetic Liouvillian, we need to transform it into
the principal axis frame of the quadrupole tensor, using the matrix
of eigenvectors of the quadrupole Liouvillian, UQ.

Analogous to the NMR case, the first role of the perturbation is to
raise the degeneracy of the pure NQR transitions. The quadrupole
Liouvillian breaks into two 4×4 blocks, belonging to the positive
and negative frequency transitions, plus a 7×7 block with zero
eigenvalues, as shown schematically in Fig. 6. For these 4×4 blocks,
the eigenvalues are given by Eqn (8), which is the same as the stan-
dard solution,[6] En. (4),

Cq

2
±
3γB0
2

±
γB0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4tan2 θð Þp

2
: (8)

For the 7×7 block, there are three eigenvalues that remain as
zero after the perturbation, corresponding to the three unique
level population differences. The other four eigenvalues are given
by Eqn (9)
Figure 6. Schematic diagram of the structure of the 15 × 15 quadrupole
Liouvillian matrix for a spin-3/2. Diagonalization of the Liouvillian from
Tables 1–3 produces a 4 × 4 block with all diagonal elements of þCq

2 , a
4 × 4 block with all diagonal elements of �Cq

2 , and a 7 × 7 block with zero
eigenvalues. When the Zeeman perturbation is applied, it is only the terms
within these blocks that are important.
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NMR, NQR, and in between
±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4tan2 θð Þp

γB0
±3γB0 :

(9)

These represent transitions between the previously degenerate
±12 and ±32 spin states. As we saw in the preceding text, the ±12 states

are mixed, to first order, by the Zeeman perturbation, but the ±32
states are not.

Note that there is an algebraic complication here, because the
matrix blocks of the magnetic field Liouvillian are not symmetric.
The eigenvalues are easy, because they are solutions of the charac-
teristic equation, but the eigenvectors are more complicated.[44,45]

A similar situation arises whenwe deal with NMR chemical exchange
in unequally populated cases.[46,47] There is now a distinction
between left and right eigenvectors, so we must be more careful.

Polarization

We observed that in the NMR case, all the transitions belonged to
the +1 coherence level to first order, and it was only the second-
order perturbation that mixed these with a bit of the�1 coherence
level. This leads to a circularly polarized signal. If we look at the pure
NQR case, Eqn (7) shows that the two observable transitions belong
equally to the +1 and �1 coherence levels. Because these oscillate
as e+ i ω tand e� i ω t, then their sum is linearly polarized. This can
also be derived from looking at the wavefunctions to first order in
the Zeeman perturbation. The unperturbed wavefunctions are
þ1
2

�� �
and �1

2

�� �
, but degenerate perturbation theory says that they

will mix to form the wavefunctions in Eqn (10)

ψ1 ¼
þ1

2

����
	
þ �1

2

����
	

ffiffiffi
2

p

ψ2 ¼
þ1

2

����
	
� �1

2

����
	

ffiffiffi
2

p

(10)

A transition between these states ψ1→ψ2 will involve both
upward �1

2

�� �
→ þ1

2

�� �
and downward þ1

2

�� �
→ �1

2

�� �
spin transitions,

leading to linear polarization.
This is true only for the strict zero magnetic field case. If there is a

finite perturbation, then all four transitions derived from Eqn (7)
become allowed and are no longer degenerate. The cancelation
from the equal mixing of opposite helicities to give linear polariza-
tion no longer applies.[6]

A better case to look at is the comparison between the central
transition in the NMR case and the transition with frequencyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4tan2 θð Þ

p
γB0 from Eqn (9). Both of these are, very roughly

speaking, transitions between the Hamiltonian states �1
2

�� �
→ þ1

2

�� �
.

In the NQR extreme, this transition is a rather complicated mixture
of a number of basis elements |3+ 1),|3� 1), |1+ 1), |1� 1), |30) and |10).
Note the use of angle brackets to denote wavefunctions and the
use of round brackets for Liouville-space vectors. This mixture
depends on the ratio of the Zeeman to the quadrupole interaction,
as do two of the zmagnetizations. Again, there is an analogy to the
NMR of two strongly coupled spins-1/2. In that case, the composi-
tion of the zero-quantum transition and the z magnetizations
depends on the ratio of J/δ.[48,49] In the mixture for the NQR transi-

tion with frequency
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4tan2 θð Þp

γB0 there is a significant
Magn. Reson. Chem. (2016) Copyright © 2016 John Wiley
mixture of +1 and �1 coherence levels, so the line is mainly line-
arly polarized. These NQR results are for first-order perturbation.
Because all the NQR transitions are perturbed to first order by
the magnetic field, there is not much point in going to second
order, even though this a straightforward calculation, following
the NMR case.
Conclusions

The single Liouvillian, given in Tables 2–4 easily reproduces all the
results already in the literature and provides some new insights.
The Liouvillian presented here is easily accommodated in any pro-
gramming package (Matlab, Mathematica, Maple, Python, etc.) that
can handle eigenvalues and eigenvectors for any specific applica-
tion. In particular, it clearly shows how the polarization of the
signals changes as the relative strengths of the Zeeman and quad-
rupole interaction change. At the NQR end of the continuum, the
transitions are all perturbed to first order by the magnetic field,
but for NMR, at least the central transition is only perturbed to sec-
ond order. Perhaps this sheds some light on the observation of 35Cl
NMR at 11.7 T for NaClO3.

[11] In this case, the quadrupole and the
Zeeman interaction are both strong and of comparable magnitude.
A plot of the calculated transition frequencies as a function of mag-
netic field[11] shows that at this stage, NMR-like behavior is well-
established. Perhaps spins prefer NMR.
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